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A VARIABLE FRACTIONAL ORDER NETWORK MODEL OF
ZIKA VIRUS
M. KHALIL , A. A. M. ARAFA , AMAAL SAYED

Abstract. A variable fractional-order network model of Zika is presented in
this paper. We also carry out a detailed analysis on the equilibrium points
and its stability. Numerical solutions are obtained using a predictor-corrector
method to handle the fractional derivatives. The fractional derivatives are described in the Caputo sense. Numerical simulations are presented to illustrate
the results. Also, the numerical simulations show that, modeling the Zika variable fractional order model has more advantages than classical integer-order
modeling.

1. Introduction
Human societies have been shocked because of the global rapid spread of Zika
virus infection in the last few years. World health organization (WHO) sounds the
alarms to make the world pay attention to the severity of this serious epidemic. Zika
virus is mosquito-borne disease. Zika virus can be transmitted to people primarily
through the bite of infected Aedes species mosquitoes. Also, it can be transmitted
by many ways such as during pregnancy, blood transfusion, breastfeeding and a
person with Zika virus can pass it to his or her sex partners [47]. Historically,
it was detected first in forests of Uganda in the middle of the previous century.
Recently, the virus hit South American continent and infected thousands of babies
with microcephaly. Mathematical models of infectious have become the backbones
of epidemiology. Decision making centers are interested in using mathematical
models of infectious diseases to take the necessary actions to eradicate infectious
diseases [13, 19, 20, 46]. The first mathematical model of Zika virus transmission
has been investigated in [23]. Also in [12], mathematical models of dengue and
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Zika outbreaks in Tropical Island have been illustrated. The impact of mosquitoborne and sexual transmission on the spread of Zika virus has been studied in
[14]. Diﬀerent preliminary population models [18, 21] like SIR, SEIR and SEI were
used to describe the transmission of dengue, Chikungunya or Zika virus through
populations and to study the dynamics of co-infection between two diseases in
the same population [16, 22, 43]. All these mentioned examples of Zika models
are integer order models in which the memory eﬀect is ignored. In this paper, a
variable fractional order SIR model of Zika virus is presented to study the impact
of the memory on the spread of Zika virus through a population.
The fractional calculus has been investigated from more than 300 years [24, 27,
32]. It is considered as a mathematical tool for characterizing memory biological and
physical systems. The variable-order fractional derivative, which is an extension of
constant-order fractional derivative, has been introduced in several scientific fields
[5, 6, 25, 33, 35]. Therefore, the main contribution of this study is to investigate the
system behavior when the diﬀerential order of the system is fractional, continuous
function or discontinuous function.
The rest of this paper is organized as follows. Section 2 introduces some rules
about fractional calculus. Section 3 presents a variable fractional order model
on homogenous network of Zika. Section 4 illustrates the equilibrium points and
stability. Section 5 presents illustrative results of numerical simulations. Section 6
concludes this paper.
2. Preliminaries
To distinguish memory properties of dynamical systems in many scientific fields
is a crucial issue in modeling of complex systems. Fractional derivative has the
significant feature of capturing the history of the variable which cannot be easily
done in case of the integer order derivatives [31, 40]. The variable-order fractional
derivative, which is an extension of constant- fractional order derivative, is a powerful tool to characterize memory that may vary from point to point. So it is clear
that the integer order derivative can be used to characterize the short memory of
systems, while the constant-order fractional derivative has advantages in characterizing the long memory of systems. Furthermore, the variable-order fractional
derivative can be employed to depict the variable memory of systems [40]. In other
words, variable-order fractional derivative is good at depicting the memory property which changes with time or spatial location [44]. It is clear that the integer
order derivative can be used to characterize the short memory of systems, while
the constant-order fractional derivative has advantages in characterizing the long
memory of systems. Furthermore, the variable-order fractional derivative can be
employed to depict the variable memory of systems [40].
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Several physical phenomena are often better described by fractional order models because fractional order operators are global not only local characteristics [42].
Furthermore, integer order models sometimes contradict the experimental results.
Recently, it has been found that, the order of derivative can be generalized to be
a bounded function. In other words, fractional order can vary with the variables
of fractional order diﬀerential equations (FDEs) [45]. The variable fractional order behavior arises in numerous applications. Several theoretical studies coupled
with experimental studies related to the fractional variable order have been presented in the last few years. In [40], the variable fractional order is applied in
some applications of control theory. A generalization of the van der Pol equation
using the VODE formulation is analyzed in this paper. A new generalization of the
Schrodinger equation via the concept of space fractional variable-order derivative
has been presented in [7]. The stability and the convergence of the space fractional
variable-order Schrodinger equation were studied as well. Some experimental results have shown that variable-order fractional models are better to describe many
physical phenomena. Smit and de Vries [39] demonstrated that the stress-stain
behavior of viscoelastic materials with changing strain level can be characterized
by variable-order fractional diﬀerential equations. In [15] the authors showed that
the relaxation processes and reaction kinetics of proteins under diﬀerent temperatures show variable-order fractional operator properties. The experimental results
presented by H. Sheng et al [36] show that the order of the fractional operator is
the function of the temperature variable. D. Sierociuk et al [38] have presented
an experimental study of two types of electrical circuits. They verified that the
two types of circuits should be presented by variable-order systems. The fractional
diﬀerential order is a key factor that determines the final quality of the enhanced
image, whereas an extremely high fractional order will lead to bad quality of the
enhanced image. Hence, variable-order fractional diﬀerential operators may solve
this problem [44].
In this part, we give some definitions of variable-order fractional derivative which
is an extension of constant-order fractional derivative. There exist diﬀerent approaches for defining the fractional derivatives.
Definition 2.1. (Riemann-Liouville fractional derivatives of order α (t))
Let α (t) be a continuous and bounded function, then Riemann-Liouville variableorder fractional derivative of f (t) : [a, b] → R is defined as [45]:
(i) Left Riemann–Liouville derivative of order α(t) is defined by
∫
1
d t
−α(t)
RL α(t)
f (t) =
(t − τ )
f (τ ) dτ, 0 < α (t) ≤ 1
a Dt
Γ (1 − α (t)) dt a
(ii) Right Riemann–Liouville derivative of order α(t) is defined by
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f
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(t) =

−1
d
Γ (1 − α (t)) dt

∫

b

(τ − t)

−α(t)
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f (τ ) dτ, 0 < α (t) ≤ 1

t

Definition 2.2. (Caputo fractional derivatives of order α (t))
Let α (t) be a continuous and bounded function, then the Caputo variable-order
fractional derivative of f (t) : [a, b] → R is defined as [45]:
(i) Left Caputo derivative of order α(t) is defined by
∫ t
1
−α(t) ′
c α(t)
f (t) =
(t − τ )
f (τ ) dτ, 0 < α (t) ≤ 1
a Dt
Γ (1 − α (t)) a
(ii) Right Caputo fractional order derivative of order α(t) is defined by
∫ b
−1
−α(t) ′
c α(t)
D
(τ − t)
f (τ ) dτ, 0 < α (t) ≤ 1
f
(t)
=
t b
Γ (1 − α (t)) t
Definition 2.3. (Grünwald-Letnikov fractional derivatives of order α (t))
Let α (t) be a continuous and bounded function, then the Grünwald-Letnikov
variable-order fractional derivative of f (t) : [a, b] → R is defined as [41]:
GL α(t)
f
0 Dt

−α

(t) = lim h
h→0

[n]
∑
j=0

(
(−1)

j

α(t)
j

)
f (t − jh)

Where h is the step size, n = ht , [n] is the integer part of n and 0 < α (t) ≤ 1.
Some problems appeared when discrete time fractional order derivative is used
as follows [29]:
• Fractionalizing the discrete-time systems using classic tools have resulted
in finite dimension integer-order systems that are diﬃcult to manipulate.
• Integer order discrete-time systems that is used to approximate continuoustime fractional systems which have long memory, are known for their short
memory.
The above definitions show that the memory eﬀect of considered system changes
with time and is determined by the current state. Therefore, variable order fractional derivative can be used to characterize variable memory eﬀect of the system.
Caputo derivative is attractive when physical models are presented due to the clarity of the physical interpretation of the prescribed data [8]. Also Caputo derivative
is essential because the initial conditions for the fractional-order models with the
Caputo derivatives are the same as for the integer-order models [38].
Unfortunately, most variable-order fractional diﬀerential equations do not have
an exact analytical solution, so it is needed to use numerical methods to solve such
equations [1, 2].
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3. Model derivation
In most of all studies of epidemic spreading on complex networks, the population
dynamics factors are not considered. Authors in [17] have introduced a modified
epidemic model with birth and death on homogeneous and heterogeneous networks.
Through mean field analysis, they found that on homogeneous network, there is
an epidemic threshold while for a heterogeneous network, the epidemic threshold is
absent in the thermodynamic limit. Because as mentioned in [10, 11] that fractional
order models are useful in epidemic models to predict the spread of disease and how
to prevent epidemics and so much more, therefore, A fractional order network model
for Zika is presented in [9] and the authors expected that in the future the second
rote will be more diﬃcult to control so they concluded that their model will be
useful a conceptual tool for modeling the impact of interventions aiming to control
the disease.
For the SIRS model, each individual can be in three states. S(t),I(t) and
R(t) introduce the susceptible, infected, and recovered or vaccinated individuals at
time t, respectively. First, a susceptible individual can acquire infection from an
infected neighbor at rate β. Then, an infected individual is cured at rate ε and
becomes susceptible again at rate γ. At the same time, the susceptible individual
is vaccinated at rate δ. The constant λ is the recruitment rate of susceptible
corresponding to births and immigration. µ is the natural death rate of population
and α is the disease related death rate [17]. The authors in [17] show that in order
to construct SIRS model based on homogenous network, we have to consider two
hypotheses
(1) Homogeneity: to make the network simpler, we consider each node’s degree
is < k > where < k > is the average connectivity of the network, so the
network is homogenous.
(2) Homogenous mixing: the strength of infection is proportional to the population density.
The variable fractional order SIRS epidemic model on homogenous networks is
given by
β ⟨k⟩ SI
+ γ R − (δ + µ)S,
S+I +R
β ⟨k⟩ SI
Dα2 (t) I(t) =
− (ε + µ + α)I,
S+I +R
Dα3 (t) R(t) = ε I − (µ + γ)R + δ S,
Dα1 (t) S(t) = λ −

(1)

where λ, β, γ, δ, µ, α and ε are positive constants, and ⟨k⟩ is the average connectivity
in network neglecting the heterogeneity of the node degrees [17]. Beside the variable
order αi (t), i = 1, 2, 3 is a function of time
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4. Equilibrium Points and Stability
Consider the system (1) as follows:
Dα1 (t) (S) = g1 (S, I, R),
Dα2 (t) (I) = g2 (S, I, R),
Dα3 (t) (R) = g3 (S, I, R).
With αi (t) ∈ (0, 1], i = 1, 2, 3 and the initial conditions (S(0), I(0), R(0)).
To evaluate the equilibrium points of the fractional-order system (1), let
Dα1 (t) (S) = Dα2 (t) (I) = Dα3 (t) (R) = 0
⇒ gi (Seq , Ieq , Req ) = 0, i = 1, 2, 3.
From which we can get the equilibrium points (Seq , Ieq , Req ).
To evaluate the asymptotic stability let
S(t) = Seq + ξ1 (t),
I(t) = Ieq + ξ2 (t),
R(t) = Req + ξ3 (t).
So the equilibrium point (Seq , Ieq , Req ) is locally asymptotically stable if all eigenvalues of Jacobian matrix evaluated at the equilibrium point satisfy [26]
|arg(σi )| >

α(t)π
, α(t) ∈ (0, 1], t ≥ 0, i = 1, 2, 3.
2

Now we evaluate the equilibrium points for system (1)
λ(γ+µ)
λδ
It has two steady states: E0 = ( µ(γ+µ+δ)
, 0, µ(γ+µ+δ)
) and E1 = (S ∗ , I ∗ , R∗ )
where:
λ(ε+µ+α)(µ+γ+ε)
S ∗ = (ε+µ+α)(µ+γ+δ)[µR
,
0 +α(R0 −1)]+β⟨k⟩µε
λ(ε+µ+α)(µ+γ+δ)(R0 −1)
(ε+µ+α)(µ+γ+δ)[µR0 +α(R0 −1)]+β⟨k⟩µε ,
∗
+δ S ∗
.
R∗ = εI µ+γ

I∗ =

β⟨k⟩(µ+γ)
Where the basic reproductive number R0 = (ε+µ+α)(µ+γ+δ)
.
To study the stability we will get the eigenvalues of Jacobian matrix for the

system (1)
λ(γ+µ)
λδ
Firstly, at a disease-free equilibrium point E0 = ( µ(γ+µ+δ)
, 0, µ(γ+µ+δ)
)


J(E0 ) = 

−δ − µ
0
δ

β⟨k⟩(µ+γ)
(µ+γ+δ)
β⟨k⟩(µ+γ)
(µ+γ+δ)



γ
− (ε + µ + α)

ε

0
− (µ + γ)

And the eigenvalues are
σ1 = −µ < 0,
σ2 = −(µ + γ + δ) < 0,
σ3 = −(ε + µ + α)(1 − R0 ) < 0

if R0 < 1.
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Therefore, if R0 < 1, a disease-free equilibrium point E0 is locally asymptotically
stable since |arg(σi )| = |−π| > α(t)π
2 , α(t) ∈ (0, 1], t ≥ 0, i = 1, 2, 3 and it is unstable
if R0 > 1.
Secondly, at an endemic equilibrium point E1 = (S ∗ , I ∗ , R∗ )
The characteristic polynomial is given by:
σ 3 + Aσ 2 + Bσ + C = 0,
To facilitate analysis, letp =

I∗
S∗ ,

τ=

I∗
S ∗ +I ∗ +R∗ ,

w = (α + µ + ε).

Then
A = γ + 2µ + δ + pw > 0,
B = (p − τ )w2 + (γp + ετ + pµ + τ µ)w + γµ + µδ + µ2 > 0,
C = wp[µ(γ + µ) + εµ] = wλ(R0 − 1)[µ(γ + µ) + εµ] > 0 if R0 > 1.
By using Theorem (Routh-Hurwitz criteria) [1] which states that stability conditions are C > 0 and AB − C > 0 to get eigenvalues which are negative or have
negative real parts. Hence, if R0 > 1, the endemic equilibrium point E1 is locally
asymptotically stable since
|arg(σi )| = |−π| >

α(t)π
, α(t) ∈ (0, 1], t ≥ 0, i = 1, 2, 3
2

5. Numerical Simulation and Discussion

We will introduce an algorithm of predictor-corrector method for solving the
following system of variable fractional order diﬀerential equations
Dα1 (t) x(t) = f1 (x(t), y(t), z(t)),
Dα2 (t) y(t) = f2 (x(t), y(t), z(t)),
Dα3 (t) z(t) = f3 (x(t), y(t), z(t)),

0≤t≤T

With 0 < αi (t) ≤ 1 (i = 1, 2, 3) and initial condition (x0 , y0 , z0 ).
(1) Evaluate the predicted values as follows:
∑n
β
xpn+1 = x0 + j=0 Γ(α1,j,n+1
f1 (xj , yj , zj ),
1 (tn+1 ))
∑
β2,j,n+1
n
p
yn+1 = y0 + j=0 Γ(α2 (tn+1 )) f1 (xj , yj , zj ),
∑n
β
p
zn+1
f1 (xj , yj , zj ),
= x0 + j=0 Γ(α3,j,n+1
3 (tn+1 ))
Where
βi,j,n+1 =

hαi (tn+1 )
[(n − j + 1)αi (tn+1 ) − (n − j)αi (tn+1 ) ]. h = T /N, Tn = nh.
αi (tn+1 )

(2) Evaluate the corrected values as follows

JFCA-2018/9(1)
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∑n

hα1 (tn+1 ) γ1,j,n+1
j=0 Γ(α1 (tn+1) )+2) f1 (xj , yj , zj ),
∑n hα2 (tn+1 ) γ2,j,n+1
p
p
p
hα2 (tn+1 )
j=0 Γ(α2 (tn+1) )+2) f2 (xj , yj , zj ),
Γ(α2 (tn+1 )+2) + f2 (xn+1 , yn+1 , zn+1 ) +
∑
α3 (tn+1 )
hα3 (tn+1 ) γ3,j,n+1
n
p
p
p
h
j=0 Γ(α3 (tn+1) )+2) f3 (xj , yj , zj ),
Γ(α3 (tn+1 )+2) + f3 (xn+1 , yn+1 , zn+1 ) +
hα1 (tn+1 )
Γ(α1 (tn+1 )+2)

p
p
+ f1 (xpn+1 , yn+1
, zn+1
)+

where

αi (tn+1 )+1

− (n − αi (tn+1 ))(n + 1)αi (tn+1 )
, j = 0,
 n
α
(t
)+1
α
(t
)+1
α
(t
=
(n − j − 2) i n+1
+ (n − j) i n+1
− 2(n − j + 1) i n+1 ) , 1 ≤ j ≤ n,


1
, j =n+1
We applied the above predictor-corrector method to get numerical solution of the system (1). We investigate the system behavior in three cases.
First case when the variable order is αi (t) = 1 − 0.004t. Second case when
the variable order is a periodic function αi (t) = 0.7 − 0.01 sin(πt). Finally
we look into the case of the function of variable order is discontinuous as
follows:

{
αi (t) =

1,

t ∈ [0, 50]

0.8,

t ∈ (50, 100].

, i = 1, 2, 3

Figure 1. The dynamic trajectory S(t) at α(t) = 1 (the solid line) and
at α(t) = 1 − 0.004t (the dashed line)

(2)

212

M. KHALIL , A. A. M. ARAFA , AMAAL SAYED

JFCA-2018/9(1)

Figure 2. The dynamic trajectory S(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line)

Figure 3. The
{ dynamic trajectory S(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

Figure 4. The dynamic trajectory I(t) at α(t) = 1 (the solid line) and
at α(t) = 1 − 0.004t (the dashed line).
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Figure 5. The dynamic trajectory I(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line).

Figure 6. The
{ dynamic trajectory I(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

Figure 7. The dynamic trajectory R(t) at α(t) = 1 (the solid line) and
at α(t) = 1 − 0.004t (the dashed line).
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Figure 8. The dynamic trajectory R(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line).

Figure 9. The
{ dynamic trajectory R(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

The numerical results displayed in Figs. 1-9 for ⟨k⟩ = 6, λ = 1, β = 0.2, µ =
0.001, γ = 0.1, α = 0.00087, ε = 0.5, δ = 0.3 and initial conditions are S(0) =
450, I(0) = 550, R(0) = 0 we found that a disease equilibrium point E0 = (251.87, 0, 748.13)
is locally asymptotically stable , the disease will eventually disappear where R0 =
0.6022 < 1.
In Figs. 10-18 we take ⟨k⟩ = 6, λ = 1, β = 0.2, µ = 0.001, γ = 0.1, α =
0.00087, ε = 0.5, δ = 0.005 and initial conditions are S(0) = 800, I(0) = 200, R(0) =
0
we
found
that
a
disease
free
equilibrium
point
E0 = (952.83, 0, 47.1698) is unstable where R0 = 2.2783 > 1 and a unique endemic equilibrium point E1 = (386.518, 87.1414, 450.528) is locally asymptotically
stable.
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In Figs. 1, 4, 7, 10, 13, 16 we take the variable order αi (t) = 1−0.004t means the
memory in the system is a decreasing function so the system behavior is slower with
time. In Figs. 2, 5, 8,11,14,17 we take the variable order αi (t) = 0.7 − 0.01 sin(πt)
means the memory in the system is a periodic function so the resulted system
behavior is a periodic. In Figs. 3, 6, 9, 12, 15, 18 we present the variable order as
stated in (2) means the memory has a jump so the behavior of the system also has
a jump.

Figure 10. The dynamic trajectory S(t) at α(t) = 1 (the solid line)
and at α(t) = 1 − 0.004t (the dashed line).

Figure 11. The dynamic trajectory S(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line).
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Figure 12. The
{ dynamic trajectory S(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

Figure 13. The dynamic trajectory I(t) at α(t) = 1 (the solid line)
and at α(t) = 1 − 0.004t (the dashed line).

Figure 14. The dynamic trajectory I(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line).
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Figure 15. The
{ dynamic trajectory I(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

Figure 16. The dynamic trajectory R(t) at α(t) = 1 (the solid line)
and at α(t) = 1 − 0.004t (the dashed line).

Figure 17. The dynamic trajectory R(t) at α(t) = 0.7 (the solid line)
and at α(t) = 0.7 − 0.01sin(πt) (the dashed line).
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Figure 18. The
{ dynamic trajectory R(t) at α(t) = 0.8 (the solid line)
1,
t = [0, 50]
and at α(t) =
(the dashed line).
0.8,
t = (50, 100].

6. Conclusion
This paper introduced a variable fractional order network model of Zika. It is
presented the equilibrium points and stability of the system. We used the numerical
results to show that according to the formula of the memory of the system such
as a decreasing function, periodic or discontinuous the behavior of the system has
the same properties of the memory function i.e. since the memory function is a
decreasing function so the system behavior is slower in time. And if the memory
function is a periodic function hence the behavior of the system is also periodic. In
addition, the system behavior has a jump when the memory function is discontinues
function.
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