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SPECTRAL ELEMENT APPROXIMATION OF FUNCTIONAL

INTEGRAL EQUATIONS

J. S. AZEVEDO, S. P. OLIVEIRA AND A. M. ROCHA

Abstract. We discuss the existence, uniqueness, and numerical approxima-

tion of solutions to a class of nonlinear Fredholm-type integral equations of
the second kind. The analysis is performed in the space of square integrable

functions, providing the functional setting to study Galerkin approximations.
In particular, we choose the spectral element method with Gauss-Lobatto-

Legendre collocation points, which leads to an explicit fixed-point problem

that is solved with the Picard iterative method. We prove an optimal conver-
gence rate for the proposed iterative method, which is also superconvergent

at the quadrature nodes. The theoretical error bounds are verified through

numerical experiments as well.

1. Introduction

Nonlinear integral equations have attracted much interest in the last decades,
and a vast literature has been devoted to the existence and uniqueness of solutions
as well as methods for obtaining exact or approximate solutions [2, 4, 7, 21]. The
interest in these equations arises in areas such as physics, engineering, and biology.

In this work, we study the conditions for existence, uniqueness and analyze
the convergence of some nonlinear integral equations of Fredholm type known as
functional integral equations. These equations take the form

u(x) = g(x) + f

(
x,

∫ b

a

κ(x, y)u(y) dy

)
, x ∈ [a, b], (1)

where−∞ < a < b <∞, f , κ, and g are known functions, and u is the solution to be
determined. These equations have found application in the theory of swelling porous
media [19]. While previous works on the existence and uniqueness of functional
integral equations have been carried out in L1 spaces [6, 10] and, more recently, in
L∞ spaces [20], we resort to the functional setting of Lebesgue square integrable
functions, which is the natural framework for Galerkin methods [4, 5].

We numerically solve equation (1) with the spectral element method (SEM), a
high-order Galerkin method that combines the accuracy of spectral methods with
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the flexibility of finite elements [17]. Oliveira and Azevedo [15] computed the SEM
solution to homogeneous Fredholm integral equations of second kind incorporating
Gauss-Lobatto-Legendre (GLL) collocation points. Zakian and Khaji [23] also used
SEM with GLL points to perform the Karhunen-Loève expansion of covariance
functions; the same spectral element basis was employed in the spatial discretization
of the elastic wave equation with random coefficients. It is worth noting that
other high-order numerical methods, such as wavelets [12, 16, 18] and spectral
Galerkin methods [1, 22], have also been applied to integral equations. High-order
convergence may also be achieved through iterated Galerkin methods [14].

The SEM discretization of equation (1) results in a system of non-linear equations
that are solved by the Picard iterative method, as in [20]. We perform a convergence
analysis of the fully-discrete scheme, proving that the error in the L2-norm is of
order up to O(hN+1), where N is the polynomial degree of the spectral elements.
Moreover, if the error is measured with the GLL quadrature, then the order can
be as high as O(h2N ). As illustrated by the numerical examples, such estimates
strongly depend on the regularity of the input data.

2. Preliminary assumptions

The functional setting for this work is the Hilbert space L2([a, b]) defined with
the usual inner product and induced norm

〈u, v〉 =

∫ b

a

u(x)v(x) dx, ‖v‖0 = 〈v, v〉1/2, (2)

along with the spaces Hm([a, b]) = {v : ∂kv
∂xk ∈ L2([a, b]), 0 ≤ k ≤ m, m ≥ 1}

equipped with the norms

‖v‖m =

(
m∑
k=0

|v|2m

) 1
2

, |v|m =

∥∥∥∥∂kv∂xk

∥∥∥∥
0

. (3)

For convenience, we denote the standard norm in L2([a, b]2) also as ‖ · ‖0.
In order to rewrite the functional integral equation (1) in operator form, let K

be the integral linear operator given by

(Ku)(x) =

∫ b

a

κ(x, y)u(y) dy, (4)

let F be the superposition operator defined by (Fu)(x) = f(x, u(x)), and let G =
FK, i.e,

(Gu)(x) = (FKu)(x) = f

(
x,

∫ b

a

κ(x, y)u(y) dy

)
. (5)

We have that equation (1) reduces to the fixed-point equation u = Au, where

Au = g +Gu. (6)

We will see below that the results of existence and uniqueness are based in
determining a fixed point for the operator A. To this end, we will consider the
following conditions on the functions g, f and κ:

Assumption 2.1.
(A1) g ∈ L2([a, b]);
(A2) κ ∈ L2([a, b]2);
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(A3) f : [a, b] × IR −→ IR satisfies the Carathéodory’s conditions and there is a
positive constant τ1 > 0 and a nonnegative function θ1 ∈ L2([a, b]) such that

|f(x, y)| ≤ θ1(x) + τ1|y|, y ∈ IR, x ∈ [a, b].

(A4) f is Lipschitz with respect to the second variable with Lipschitz constant τ2 > 0,
i.e.,

|f(x, u)− f(x, v)| ≤ τ2|u− v|, x ∈ [a, b], u, v ∈ IR.
(A5) the kernel κ and the constant τ2 satisfy τ2‖κ‖0 < 1.

3. Existence and uniqueness on L2([a, b])

We begin with a preliminary result showing that A maps L2([a, b]) into L2([a, b]).

Lemma 3.1. Au ∈ L2([a, b]) for any u ∈ L2([a, b]).

Proof. It suffices to show that the operator G maps L2([a, b]) into L2([a, b]). Given
u ∈ L2([a, b]), using the inequality in (A3) we have

‖Gu‖0 ≤

(∫ b

a

|θ1(x) + τ1 |(Ku)(x)||2 dx

)1/2

.

Applying Minkowski’s inequality, we find

‖Gu‖0 ≤

(∫ b

a

|θ1(x)|2 dx

)1/2

+

(∫ b

a

|τ1 |(Ku)(x)||2 dx

)1/2

= ‖θ1‖0 + τ1

∫ b

a

∣∣∣∣∣
∫ b

a

κ(x, y)u(y) dy

∣∣∣∣∣
2

dx

1/2

,

Afterwards, it follows from Hölder’s inequality that

‖Gu‖0 ≤ ‖θ1‖0 + τ1


∫ b

a

(∫ b

a

|κ(x, y)|2 dy

)1/2(∫ b

a

|u(y)|2 dy

)1/2
2

dx


1/2

= ‖θ1‖0 + τ1

(∫ b

a

∫ b

a

|κ(x, y)|2 dy dx

)1/2

‖u‖0

= ‖θ1‖0 + τ1‖κ‖0 ‖u‖0 ,

which implies that Gu ∈ L2([a, b]). �

Theorem 3.1. There exists a unique function u ∈ L2([a, b]) such that u = Au.

Proof. We have from Lemma 3.1 that A maps L2([a, b]) to L2([a, b]). From the
Banach Fixed Point Theorem, it remains to prove that A is a contraction. Indeed,
we have from (A4) that

‖Au−Av‖0 ≤ τ2‖Ku−Kv‖0 ≤ τ2‖K‖0‖u− v‖0, ‖K‖0 = sup
‖u‖0=1

‖Ku‖0.

Using Hölder’s inequality as in Lemma 3.1, we find ‖K‖0 ≤ ‖κ‖0, thus ‖Au −
Av‖0 ≤ τ2‖κ‖0‖u− v‖0, and the contraction follows from condition (A5). �
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4. Spectral element approximation

For the purpose of finding an approximate solution to (1), we construct a finite-
dimensional space Vh = span{φ1, φ2, . . . , φn} ⊂ L2([a, b]) and seek the Galerkin
approximation uh ∈ Vh such that

〈uh, vh〉 = 〈g, vh〉+ 〈Guh, vh〉, ∀ vh ∈ Vh. (7)

The basis functions φI (1 ≤ I ≤ n) are Lagrange piecewise polynomial functions
of degree N satisfying the relation φI(xJ) = δI,J , where xJ are the spectral element
nodes defined as follows. We partition the interval [a, b] into Ne elements with
uniform spacing h := (b− a)/Ne, and subdivided into N interior intervals, leading
to a total of n = NeN+1 nodes. For any element index 1 ≤ e ≤ Ne and local index
0 ≤ j ≤ N , the global nodal index is IEN(j, e) = j + (e − 1)N + 1. The global
nodes are xJ = F e(ξj), where J = IEN(j, e), F e is the linear transformation from
[−1, 1] to the e-th element, and ξj is the j-th GLL collocation point.

The main motivation for choosing GLL points in the SEM is that the global
nodes provide the following compound Gauss-Lobatto quadrature:∫ b

a

f(x) dx ≈
Ne∑
e=1

N∑
j=0

ŵjf(F e(ξj))J
e =

n∑
J=1

wJf(xJ), (8)

which is exact for piecewise polynomials of degree 2N−1 [8]. Here Je represents the
determinant of the Jacobian matrix of the transformation F e. The global weights
wJ are

wJ =
∑

(j,e)∈IENJ

ŵjJ
e, IENJ = {(j, e) ; J = IEN(j, e)}. (9)

When we apply quadrature (8) to the Galerkin approximation (7), we obtain a
collocation-type scheme that is simpler than standard Galerkin discrete systems.
Indeed, let us write the Galerkin solution as

uh(x) =

n∑
J=1

uJφJ(x). (10)

By choosing vh = φI , 1 ≤ I ≤ n, we find

n∑
J=1

uJ

∫ b

a

φJ(x)φI(x) dx =

∫ b

a

g(x)φI(x) dx

+

∫ b

a

f

(
x,

n∑
J=1

uJ (KφJ) (x)

)
φI(x) dx, I = 1, . . . , n,

(11)

Employing the quadrature (8) and recalling that φI(xJ) = δI,J , it follows that
the system of equations (11) reduces to the following explicit scheme:

uI = g(xI) + f

(
xI ,

n∑
J=1

uJwJκ(xI , xJ)

)
, I = 1, . . . , n. (12)

4.1. Iterative process. Let u = [u1, . . . , un]T be the vector of coefficients of the
Galerkin solution (10). We can rewrite (12) in vector form as

u = A(u), A(u) = g + F (Ku), (13)
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with  FI(y) = f(xI , yI),
gI = g(xI).
KI,J = wJκ(xI , xJ), 1 ≤ I, J ≤ n.

(14)

Through Picard iteration, the nonlinear algebraic system (13) is approximated
as follows:

u(k+1) = A(u(k)), k = 0, 1, 2, . . . , (15)

where u(k) = [u
(k)
1 , . . . , u

(k)
n ]T .

5. Convergence Analysis

In the following we prove that the approximate solution obtained by the iterative
scheme (15) converges to the solution of (1) under the same assumptions of Theorem
3.1 and additional regularity hypotheses.

Since the approximate solution u(k) = [u
(k)
1 , . . . , u

(k)
n ]T from (15) and the exact

solution u are not in the same vector space, we consider the function u
(k)
h ∈ Vh

given by expression

u
(k)
h (x) =

n∑
J=1

u
(k)
J φJ(x). (16)

Defining the global error as

eh,k = ‖u− u(k)h ‖0, (17)

we can estimate it by the following expression:

eh,k ≤ ‖u− uh‖0 + ‖uh − u(k)h ‖0, (18)

where uh is the exact solution of (12).
Let us separately analyze each term of expression (18). The first term represents

the error of the spectral element method, while the second term takes into account
the error of the Picard iteration.

5.1. Convergence of the spectral element method. We start reviewing some
approximation theory results that are important to the error analysis. From here
on, C denotes a generic positive constant that does not depend on the element
length h.

Lemma 5.1. (see [9, Theorem 3.2.1]) The interpolation operator

Ihv(x) =

n∑
J=1

v(xJ)φJ(x) (19)

satisfies the following estimate for any v ∈ Hs([a, b]) with s ≤ N + 1 :

‖v − Ihv‖0 ≤ Chs|v|s. (20)

Lemma 5.2. Let u, v ∈ Hk([a, b]) with k ≤ 2N . There holds

|〈u, v〉 − 〈u, v〉h| ≤ Chk|u|k|v|k, (21)

where 〈·, ·〉h denotes the discrete inner product

〈u, v〉h =

n∑
J=1

wJu(xJ)v(xJ). (22)
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In particular, we have ∣∣‖u‖2 − ‖u‖2h∣∣ ≤ Chk|u|2k, (23)

where ‖v‖h =
√
〈v, v〉h. Moreover, the two-dimensional counterpart of (23) also

holds if u ∈ Hk([a, b]2).

Proof. Recalling that the GLL quadrature is exact for piecewise polynomials of
degree 2N − 1, the above error estimates can be verified at each element through
Bramble-Hilbert Lemma, as in [3, Theorem 3.5]. �

Lemma 5.3. (see [3, Lemma 3.2]) The norm ‖ · ‖0 is equivalent to ‖ · ‖h in space
Vh, i.e., there exist C1, C2 > 0 such that

C1‖vh‖20 ≤ ‖vh‖2h ≤ C2‖vh‖20 ∀vh ∈ Vh. (24)

Next we prove the theorem that provides an error estimate for the first term of
expression (18):

Theorem 5.1. Let u be the exact solution of equation (1) and let uh be the solu-
tion of the nonlinear system (12). If f : [a, b] × IR −→ IR satisfies Part (A4) of
Assumption 2.1, κ ∈ Hp([a, b]2), and u ∈ Hp([a, b]) with p ≤ 2N , then there exists
h0 > 0 such that, for h ≤ h0,

‖u− uh‖h ≤ Chp|u|p, (25)

‖u− uh‖0 ≤ Chs|u|s, s = min(p,N + 1). (26)

Proof. The proof is structured similarly as in Theorem 4.1 in [22]. We have from
(1) and (12) that

u(xI)− uI = SI , SI = f (xI , 〈κ(xI , ·), u〉)− f (xI , 〈κ(xI , ·), uh〉h) , (27)

for 1 ≤ I ≤ n. Note from (27) that

‖u− uh‖h =

(
n∑
I=1

wI |SI |2
)1/2

. (28)

We must find an upper bound for the right-hand side of (28). We have from
Lemma 5.2 and condition (A4) that

|SI | ≤ τ2 |〈κ(xI , ·), u〉 − 〈κ(xI , ·), uh〉h|
≤ τ2 |〈κ(xI , ·), u〉 − 〈κ(xI , ·), u〉h|+ τ2 |〈κ(xI , ·), u〉h − 〈κ(xI , ·), uh〉h|

≤ Chp|κ(xI , ·)|p|u|p + τ2

∣∣∣∣∣
n∑
J=1

wJκ(xI , xJ)[u(xJ)− uJ ]

∣∣∣∣∣
≤ τ2

(
n∑
J=1

wJ |κ(xI , xJ)|2
n∑
J=1

wJ |u(xJ)− uJ ]|2
)1/2

+ Chp|κ(xI , ·)|p|u|p,

= τ2‖u− uh‖h

(
n∑
J=1

wJ |κ(xI , xJ)|2
)1/2

+ Chp|κ(xI , ·)|p|u|p.
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It follows from Minkowski’s inequality that

(
n∑
I=1

wI |SI |2
)1/2

≤ τ2‖u− uh‖h

 n∑
I,J=1

wIwJ |κ(xI , xJ)|2
1/2

+ Chp|u|p

(
n∑
I=1

wI |κ(xI , ·)|2p

)1/2

,

and using again Lemma 5.2, we have that there exists C̃ > 0 such that(
n∑
I=1

wI |SI |2
)1/2

≤ τ2‖u− uh‖h
(
‖κ‖0 + C̃hp/2|κ|p

)
+ Chp|u|p

(∥∥∥∥∂pκ∂yp

∥∥∥∥
0

+ C̃hp/2|κ|p
)
.

(29)

Thus, there exists a constant C depending on κ such that(
1− τ2‖κ‖0 − τ2C̃hp|κ|p

)
‖u− uh‖h ≤ Chp|u|p, (30)

and estimate (25) follows from part (A5) if h ≤ h0, where h0 is such that 0 <

τ2C̃h
p
0|κ|p < 1− τ2‖κ‖0. On the other hand, let s = min(p,N + 1). It follows from

the triangular inequality and Lemmas 5.1 and 5.3 that

‖u− uh‖0 ≤ ‖u− Ihu‖0 + ‖Ihu− uh‖0 ≤ Chs|u|s + C2‖Ihu− uh‖h. (31)

Noting that ‖Ihu− uh‖h = ‖u− uh‖h, (26) follows from (31) and (25). �

5.2. Convergence of Picard Iteration. In the following we study the error in
matrix formulation (13) due to the iterative process (15). For this purpose, we
introduce the following vector norm associated with the GLL quadrature:

‖v‖2w =

n∑
I=1

wI |vI |2. (32)

Theorem 5.2. Under Assumption 2.1 the operator A : IRn −→ IRn, defined by

A(u) = g + F (Ku). (33)

is a contraction with respect to the norm ‖ · ‖w.

Proof. By definition of the operator A and norm ‖ · ‖w, we have

‖A(u)−A(v)‖2w =

n∑
I=1

wI

∣∣∣∣∣f
(
xI ,

n∑
J=1

wJκ(xI , xJ)uJ

)
− f

(
xI ,

n∑
J=1

wJκ(xI , xJ)vJ

)∣∣∣∣∣
2

.
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Using the condition (A4), Hölder’s inequality, and Lemma 5.2, it follows that

‖A(u)−A(v)‖2w ≤ τ22

n∑
I=1

wI

∣∣∣∣∣
n∑
J=1

wJκ(xI , xJ)(uJ − vJ)

∣∣∣∣∣
2

≤ τ22

n∑
I=1

wI

(
n∑
J=1

wJ |κ(xI , xJ)|2
)(

n∑
J=1

wJ |uJ − vJ |2
)

= τ22

 n∑
I,J=1

wIwJ |κ(xI , xJ)|2
 ‖u− v‖2w.

= M‖u− v‖2w,

where

M = τ22

(
‖κ‖20 + Chp/2|κ|p

)
. (34)

By taking h sufficiently small and recalling from (A5) that τ2‖κ‖0 < 1, we have
M < 1, i.e., A is a contraction. �

Corollary 5.3. The sequence {u(k)h }k defined in (16) converges to the solution uh

of (7) for any initial guess u
(0)
h . Moreover,

‖uh − u(k)h ‖0 ≤ C
Mk

1−M
r0, r0 = ‖Au(0)h − u

(0)
h ‖0, (35)

where M is given by (34).

Proof. We have from Banach Fixed Point Theorem that the sequence {u(k)}k∈IN
generated by Picard iteration (15) converges to u in (13) for any k ≥ k0 and any
initial guess u(0). Moreover,

‖u− u(k)‖w ≤
Mk

1−M
‖Au(0) − u(0)‖w. (36)

Noting that ‖vh‖h = ‖v‖w if v = [v1, . . . , vn]T and vh are such that

vh(x) =

n∑
I=1

vIφI(x),

the proof follows from Lemma 5.3. �

5.3. Global convergence of the error. We are now ready to state the main
result of this section:

Theorem 5.4. Let Assumption 2.1 hold and assume u ∈ Hp([a, b]) (1 ≤ p ≤ N+1)
is the solution to (1). There is h0 > 0 such that for any h ≤ h0, there exists k(h) > 0
for which the total error eh,k defined in (17) satisfies

eh,k ≤ Chp|u|p, k ≥ k(h). (37)

Proof. Choosing k(h) ≤ p logM h, inequality (37) follows from (18), (26), and (35).
�

Remark 5.1. Analogously to Theorem 5.4, if u ∈ Hp([a, b]) with 1 ≤ p ≤ 2N , then

‖u− u(k)h ‖h ≤ Chp|u|p for k sufficiently large.
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6. Numerical experiments

In this section, we provide examples that illustrate the proposed theory. We
employ the following stopping criteria:

k ≤ kmax, rk = ‖u(k) − u(k−1)‖w > tol1, ‖u(k−1)‖w < tol2, (38)

with kmax = 1000, tol1 = 10−15, and tol2 = 10‖u(0)‖w. In order to allow comparing
the results across the examples, the error was computed using the following relative
measures:

ek =
eh,k
‖u‖0

=
‖u− u(k)h ‖0
‖u‖0

, Ek =
‖u− u(k)h ‖h
‖u‖h

. (39)

We approximate ‖ · ‖0 by the GLL quadrature of degree 12 with 512 elements.

In all experiments, we take as initial guess the constant function u
(0)
h (x) = 2.

6.1. Example 1. Let us consider the functional integral equation (1) with [a, b] =
[0, π], κ(x, y) = sin(y−x), and f(x, y) = cos(y). The function g is chosen such that
the exact solution is u(x) = exp(x), i.e.,

g(x) = ex − cos

(
sin(x) + cos(x)

2
(eπ + 1)

)
. (40)

Note that the exact solution u, and the kernel κ are infinitely differentiable, in
accordance with the conditions of Theorem 5.4. In order to compare the proposed
method with better known techniques, we include in this example the collocation
method with piecewise linear basis functions [5, 20].

In the following, we study the dependence of the error on the mesh refinement
h and the polynomial degree N . As shown in Fig. 1, the relative errors ek and Ek
decay with order O(hN+1) and O(h2N ), respectively, as indicated by the slopes of
the linear regression lines. The numerical results appear to be in good agreement
with the theoretical result obtained in Theorem 5.4. The only exception is the
relative error Ek for N = 4, where the error tolerance tol1 is rapidly reached in the
Picard iterations. The relative errors ek and Ek of the collocation method (Coll)
are nearly identical to the GLL method with N = 1. Because a similar behavior
has been also observed in the next examples, we will not present the error curves
for Coll in the remainder of this section.

6.2. Example 2. In this example we investigate the parameter-dependent integral
equation

u(x) =
1

100
cos2(x) +

(
2

100
+

1 + λ2

2λ

)
cos(x)−

(
λ

2
+

1

100

)
+

1

100

(∫ 4π

0

e−λ|x−y|u(y) dy

)2

, x ∈ [0, 4π],

(41)

which has been studied in [20], and has the following exact solution:

u(x) =
1

2λ

[
(1 + λ2) cos(x)− λ2

]
. (42)

Note that the kernel κ(x, y) = e−λ|x−y| is not differentiable at x = y, whereas
f(x, y) = y2/100 is not a Lipschitz function in second variable, thus the conditions
of Assumption 2.1 are not fully met.
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Figure 1. Relative errors ek (a) and Ek (b) in Example 6.1. The
slopes of the dashed lines for ek are 2.0 (Coll), 1.9 (N = 1),
3.0 (N = 2), 4.0 (N = 3) and 5.0 (N = 4), while those for Ek
are 2.0 (Coll), 1.8 (N = 1), 4.0 (N = 2), 6.0 (N = 3) and 7.6 (N =
4).

The influence of the parameters λ in the approximation error is illustrated in
Figure 2. The dependence on parameter λ can be explained from the fact that the
exact solution (42) behaves as a constant function (hence easier to approximate)
when either λ→ 0 or λ→∞.

In Figure 3 we choose the parameter λ = 10 and numerically evaluate the con-
vergence rate in terms of the element length h, as in Figure 1. The convergence
rates of the relative errors ek and Ek are O(h2) regardless of the degree N (though
the errors consistently decrease with N), due to discontinuity of the first derivative
of κ(x, y) when x = y. In general, as implied by Theorem 5.1, the smoothness of
the kernel κ strongly influences the convergence rate of the method.
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Figure 2. Variation of the relative error ek with respect to pa-
rameter λ in Example 6.2 with Ne = 100 and N = 2.

6.3. Example 3. We consider next a problem for which the exact solution is not
known. Here, [a, b] = [0, π] and κ(x, y) is a Gaussian kernel written as

κ(x, y) = e−λ
2(x−y)2 ,

where the parameter λ defines the length scale, while f(x, y) = sin(y) and g(x) =√
x2 + x+ 2. A reference solution is calculated with the GLL spectral element

method of degree N = 12 using Ne = 512 elements.
Firstly, we study how the parameter λ affects the error. Fig. 4 shows the

dependence of the relative error ek on the parameter λ. Clearly, a large value of λ
(equivalent to a small amount of smoothing) favors a large error, while a small λ
(i.e., a large amount of smoothing) stabilizes error at a small value. We infer from
the results of Example 6.2 that the exact solution depends on the length scale λ as
in (42), and it might behave as a constant function as λ→ 0.

We proceed to the numerical convergence analysis of relative errors ek and Ek
for λ = 1, summarized by Figures 5(a) and 5(b) respectively. As expected, the
experiments suggest an order of convergence O(hN+1) in norm ‖ · ‖0 and O(h2N )
in norm ‖ · ‖h, validating our theoretical results.

6.4. Example 4. The last example aims to verify the applicability of the proposed
method to two-dimensional functional integral equations. For this purpose, we
consider the following equation, adapted from [13]:

u(x, y) = g(x, y) + sin

(∫ 1

0

∫ 1

0

x

(8 + y)(1 + t+ s)
u(t, s) dtds

)
, (43)

where (x, y) ∈ [0, 1]× [0, 1] and

g(x, y) =
1

(1 + x+ y)2
− sin

(
x

6(8 + y)

)
.

A exact solution is given by

u(x, y) =
1

(1 + x+ y)2
.
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Figure 3. Relative errors ek (a) and Ek (b) in Example 6.2,
with λ = 10. The slopes of the dashed lines for both ek and Ek
are nearly equal to 2.0.

As in [15], we employ a two-dimensional spectral element approximation over
a square grid based on a tensor-product extension of the one-dimensional method
described in Sec. 4. The relative errors Ek of Example 6.4 are shown in Fig. 6, and
their convergence rates are the same as in the numerical and theoretical results in
one dimension.

7. Conclusions

This paper proposes the use of spectral element methods for functional integral
equations of the form (1). We have proven conditions of existence and uniqueness
in L2-norm under Assumption 2.1 above, which complement previous works that
consider the L1-norm [6, 10, 11] and the L∞-norm [20].

For the numerical approximation, we have been able to demonstrate that the
global error has optimal order O(hN+1) in the L2 norm ‖·‖0 (the same order as the
interpolant of the exact solution) and is superconvergent in ‖ · ‖0, with convergence
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Figure 4. Relative error ek of Example 6.3 in terms of the pa-
rameter λ, with Ne = 100.

rate O(h2N ) (the same order of the quadrature error), provided that the hypotheses
of Theorem 5.4 hold and the input data are sufficiently regular. It should be noted
that convergence assumptions are easy to verify and are useful for selecting the
spectral element discretization (for instance, the polynomial degree should not be
high if the kernel is not smooth, as illustrated by Example 6.2). The theoretical
results have been confirmed by one-dimensional numerical experiments, but can
also be extended to higher dimensions, as suggested by Example 6.4.

We expect that the techniques employed herein to analyze functional integral
equations can be useful in the study of more classes of nonlinear integral equations,
as well as that the spectral element method can be an attractive alternative to more
traditional high-order methods for integral equations.
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