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AN EXPONENTIAL AUTOREGRESSIVE MODEL FOR THE

FORECASTING OF ANNUAL SUNSPOTS NUMBER

NABIL AZOUAGH AND SAID EL MELHAOUI

Abstract. We consider the problem of modelling the time series of annual
sunspots number because of its effect on earth temperature. Indeed, sunspots

are colder than the Sun’s surface and therefore decrease slightly the intensity

of solar radiation. This small variation represents a significant difference in
energy received for a planet like Earth. In this work, we used the Exponential

Autoregressive model (EXPAR) for the forecasting of the annual sunspots

number. We justified the use of the EXPAR model by applying a non-linearity
test for the detection of the exponential component. The prediction errors

resulting from the EXPAR model were less than those of other linear and
non-linear models considered in the literature for modelling the sunspot time

series.

1. Introduction

Sunspots modelling is an excellent way to measure solar activity and predict its
terrestrial impacts. For this reason, we considered the problem of modelling the
annual number of sunspots. Figure (1) illustrates this phenomenon, knowing that
it is sometimes possible to observe them with the naked eye on the setting Sun,
with appropriate eye protection.

The era of linear modelling of sunspots time series began with the study of Yules
via autoregressive models in 1927. [3] considered a linear autoregressive order model
of order 2, AR(2), for the period 1770-1869. [11] adapted a non-linear model to
the 1700-1920 period. [7] adapted a bilinear model to the period 1700-1920. [8]
considered a subset of the Tong and Lim model see [11]. The forecast function
of this model produces an asymmetric 22-year cycle limit forecast function. [9]
adapted a threshold model from a non-linear model for the same period 1700-1920.
The forecast function has a chaotic behaviour, this behaviour could be an indicator
of the chaotic behaviour of the solar system. For the same period 1700-1920 we
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Figure 1. Sunspots

found an attempt to model the sunspots number of this period presented by [5]
using a threshold spline model that produced an asymmetric boundary cycle of 137
years.

In this paper we consider the problem of modelling annual sunspots number 1700-
1987 using exponential autoregressive model (EXPAR) without any transformation
of data. The EXPAR model will be estimated on the time series from 1700 to 1979;
for the remaining data 1980-1987, they will be used to evaluate the quality of
prediction comparing to linear and non linear models used before for modelling
sunspots number see the summary in [10].

The article is organized as follows. Section 2 is devoted to introduce the EXPAR
models estimation procedure and necessary condition to exhibit limit cycle. Section
3 shows our proposed procedure to model with EXPAR process applied to the time
series of sunspots; where we compare the quality of prediction of the EXPAR model
with other results in literature. Finally, a conclusion is given in section 4.

2. Exponential Autoregressive Models

In this work, we are interested in exponential autoregressive models [in short
EXPAR] introduced by [4]. An exponential autoregressive model of order p [EX-
PAR(p)] is the solution of a stochastic difference equation of the form :

Xt =

p∑
i=1

(
πi + βi exp(−ϕX2

t−1)
)
Xt−i + εt. (1)

with ϑϑϑ = (πππ,βββ, ϕ)′ is the vector of parameters, where πππ = (π1, ..., πp) and βββ
= (β1, ..., βp) are the linear autoregressive parameters, ϕ is the parameter of ex-
ponential component and {εt; t ∈ Z} is an i.i.d. sequence. Note that the EX-
PAR(p) may reduce to an AR(p), indeed, for large values |Xt−1|, the EXPAR(p)
becomes an AR(p) with parameters approximately (π1, π2, . . . , πp) and for small
values |Xt−1|, the EXPAR(p) becomes an AR(p) model with parameters approxi-
mately (π1 + β1, π2 + β2, . . . , πp + βp). Thus, the EXPAR(p) models may behave
as a threshold autoregressive models, though here the coefficients change smoothly
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between the two extreme values, which make the dynamic of the series locally linear
and globally non linear.

[4] introduced the EXPAR models and discussed necessary conditions to exhibit
limit cycle behaviour, they described a procedure to estimate EXPAR model pa-
rameters and they applied it to fit Canadian lynx data. [10] has shown that EXPAR
models are suitable to reproduce nonlinear phenomena like : amplitude-dependent
frequency, jump phenomena and limit cycles. [6] discussed EXPAR models on their
capability of capturing non-Gaussian characteristics of time series. [2] improved the
method of Haggan and Ozaki to estimate EXPAR model parameters by using a ge-
netic algorithm. [1] proposed an optimal pseudo-Gaussian test for the detection of
exponential component in autoregressive of order one.

The first estimation procedure is given by [4] which we summary in the following
two steps :

(1) We fix the value of ϕ, then we estimate π1, β1, π2, β2, . . . , πp, βp by least
square regression of Xt on(

Xt−1, Xt−1 exp(−ϕX2
t−1) . . . , Xt−p, Xt−p exp(−ϕX2

t−1)
)
.

The order p is determined by the minimization of the AIC criterion.
(2) the previous procedure is repeated using a value range of ϕ, and the best

ϕ is selected by the AIC criterion. The ϕ values considered are such that
exp(−ϕX2

t−1) varies quite widely over (0.1).

The EXPAR models can exhibit limit cycle whenever the following necessary
condition are satisfied ( see [4] ) :

(1) The root of 1−
∑p

i=1 πiλ
i = 0 is outside the unit circle;

(2) The root of 1−
∑p

i=1(πi + βi)λ
i = 0 do not all lie outside the unit circle;

(3) (1−
∑p

i=1 πi)/
∑p

i=1 βi > 1 or (1−
∑p

i=1 πi)/
∑p

i=1 βi < 0

The main motivation of the specific choice of EXPAR model is the fact that
the sunspots time series has a kind of limit cycle see [11]. Since EXPAR model
are suitable to reproduce this kind of non linearity feature, it will be reasonable to
apply this process on the time series of sunspots. Furthermore, in the next section
we will justify mathematically the use of a such sophisticated model by applying
the test of [1].

3. Modelling sunspots via EXPAR models

Since there is no full approach to model with EXPAR processes, we propose to
start by a stationary test. Therefore, according to the test of Augmented Dickey-
Fuller Test (p-value = 0.01), we reject the non stationary hypothesis in favour of
the stationary one. We may consider the annual sunspots number as a stationary
time series. Thus, we are able to apply the pseudo-Gaussian test developed by [1]
which requires a stationary time series.

The intuitive approach is to start by a linear model rather than a non linear
model like EXPAR. However, applying the test [1] we reject the null hypothesis of
linearity of order 1 against a non linearity of type EXPAR(1) at level 0.05, since
the computed statistics equal to 1.99 exceeds the theoretical statistic one equal to
1.96. Hence, we have just detected an exponential component in the time series
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of sunspots which fully justify the choice of this non linear model rather than the
linear traditional one.

Next, we investigate the contribution of frequencies in the time series of sunspots
see Figure (2).

Figure 2. Periodogram of sunspots number 1700-1988

Table 1. The first three most important frequencies in sunspots
number time series 1700-1988

characteristics 1 2 3
Frequency 9.027778 10−2 1.006944 10−1 1.041667 10−2

Periodogram 1.267935 105 6.084080 104 4.683084 104

Period 1.107692 9.931034 96

Note that the construction of EXPAR model is based on the first 280 observation
(1700-1979) considered here as learning sample. The remaining observations (1980-
1987) are used as test sample.

Using the identification and the estimation procedure suggested by [4] we ob-
tained a selected order of 9 years, thus, an EXPAR(9). The corresponding Mean
Square Errors (MSE) of this model is 201.5 where the estimated exponential com-
ponent is ϕ̂ = 0.001 and the remaining auto-regression parameters are given in
Table (2).
To evaluate the quality of the prediction we applied the EXPAR(9) model on the

Table 2. The estimated auto-regression coefficient of EXPAR(9)

Lag 1 2 3 4 5 6 7 8 9
π̂i 1.01 -0.24 -0.22 0.23 -0.19 0.15 -0.08 0.01 0.35

β̂i 1.26 -0.96 0.2 -0.10 0.04 -0.10 0.20 -0.09 -0.26

remaining observation 1980-1987 considered here as a test sample. The resulting
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MSE was exciting it’s equal to 135.16 which significantly smaller than the MSE
calculated for the learning sample.

In Table (3), we compare the quality of prediction of sunspots annual observa-
tions from 1980 to 1987 of our EXPAR(9) model and others modelling attempts
(linear and non linear) given by [10] page 428.

Comparing the EXPAR(9) with AR(2), SETAR(2,8,11) and AR(9) we conclude
that EXPAR(9) outperformed all remaining models. Indeed, the MSE of AR(2)
is 3.5 times larger than MSE of EXPAR(9), the MSE of SETAR(2,8,11) is 1.9
times larger than MSE of EXPAR(9) and the MSE of AR(9) is 1.67 times larger
than MSE of EXPAR(9). The performance prediction of EXPAR(9) model exceeds
largely those of AR(2), SETAR(2,8,11) and AR(9).

Table 3. EXPAR(9) prediction comparing to other models be-
tween 1980-1987

Years Observations AR(2) SETAR(2,8,11) AR(9) EXPAR(9)
1980 154.7 147.88 174.7 162.8 155.59
1981 140.5 106.88 147.5 133.5 126.41
1982 115.9 88.43 92.4 91.5 100.65
1983 66.6 64.74 62.9 53.3 82.96
1984 45.9 14.8 24.1 23.1 31.9
1985 17.9 18.65 12.6 4.6 30.85
1986 13.4 -5.41 0.2 2.0 9.16
1987 29.2 6.43 10.8 21.1 28.86
MSE 471.80 253.9 222.4 135.16

Figure 3. Plot of EXPAR fitted values (Red points) with the
observed one (blue line)

In Figure (3) we illustrate the goodness of the fitted EXPAR(9) model to the
sunspots time series 1700-1987. It’s wide clear that the EXPAR(9) reproduces the
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sunspots time series quite perfectly, especially for the recent observations. Indeed,
the prediction errors given in Table (3) confirms that the quality of prediction of
the EXPAR(9) is improving going forward in time. This is can be easily noticed,
since the MSE of the prediction errors (test sample) decreases by 67% comparing
to the MSE of the learning sample 1700-1979.

4. Conclusion

The most important conclusion that we can made is that EXPAR process is
the most suitable model for modelling and forecasting sunspots annual numbers.
Indeed, the use of such sophisticated model is justified by the result of rejecting the
linearity in favour of non-linearity of type EXPAR by applying the test of [1]. The
selection of an EXPAR model of order 9 is very interesting because it reflect the
cycle of activity of the sunspots time series which vary between 9 and 14 see [9].
Furthermore, the order 9 is in around the most important periods given in Table
(1) which is 11 and 9.93 years. Finally, comparing to the remaining models the
smallest prediction errors was noticed for the EXPAR(9). All these results confirm
that EXPAR model is highly recommended to the forecasting and reproducingthe
features of the sunspots time series.

Notice that in this paper we didn’t consider any transformation of data. However,
a suitable transformation of the sunspots time series may improves the quality of
adjustment and the forecasting precision.
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